Solutions to Introductory Problems

Equilateral triangle i

o

>

D3 ={I, Roz3, Rans3, To, /3, T—n/3}- A

1. We know, Ry = /370 and Rg = ro7y3. Therefore r‘f_” /3
_ _ 2. _ 2
RoRp =Tri370T0Tm/37 = Tm/37Tn/3 = Tm/3ln/3 = Iy3 =1

2. The product (composition) r;/379 means first do the reflection ry then r,/3. Consider the
effect on the point A: under the reflection ry the vertex A remains at A (just B and C swap over).
Then under r;/3 A moves to B. Hence the overall effect of r;/3r9 and there is only one rotation
that does that, namely R,/3. Since the questions tells us the product is a rotation, the answer
is rp/3r0 = Rogy3; thatis, @ = 27/3. [Note that there is no reason to use the point A, any vertex
would work just as well.]

3. A similar approach shows rgr;/3 = R_25/3; thatis, § = —27/3 (or 47/3). For example, ry/3
maps A to B and ry then maps B to C, so the overall effect is to map A to C and the only rotation
that does that is R_,;/3.

4. (a) The elements I and rg fix A.

(b) The elements I and r_y/3 fix B, and the elements I and r,,3 fix C.

(c) The elements R,;/3 and r;/3 move A to B.

(d) {R25/3, rz/3} isnot a subgroup (it doesn’t contain the identity element for example). The other
3 are all subgroups (of order 2).

5.
’D—:a\ H I ‘ Ronys ‘R—Zn/B H To ‘ Tni3 ‘ /3 ‘
I I Ronis | R-2ns3 To Tni3 /3
Ronis || Remss | R-2n/3 I Tni3 | T-ni3 ro
R 273 || R-27/3 I Ronss || T-ns3 To i3
I'o To r-mi3 | Tni3 I R_27/3 | Ronss
i3 Tni3 To r-mi3 || Renss I R 2713
remis || T-ni3 | T3 To R_27/3 | Ronys I

6. (There is more than one correct answer to this.) First use the multiplication table to write
T_g/3 = Rop/3rp/3. And then write Ry 3 using just the required two reflections: Roy/s = 1y/370.
Thus, combining these we get

T—n/3 = Rop3Tni3 = (Fgi370) /3 = /370l ns3.

(The other answer is r_;/3 = R_2z/370 = (FoTz/3)T0 = T'oTx/370-)



Symmetry of a square

Tn/2
<~
/4
Recall that
D4 ={I, Ry2, Ry, R } 470
4 = y Rpy2, Ry R_gpy2, 10, Frjas Tn/2, F—n/45-. i
1. The multiplication table of Dy:
) s F—ni4
D) 1 [ & [ 2|2 | o | o] e |ro]
2 3
I I R R R To Tnia | Tri2 | T—nia
) 3
R R R R I Tmia | Tmi2 | T—gia | To
2 2 3
R R R I R Twi2 | T-mia | To Tnla
3 3 )
R R I R R T_gia| To Twia | Tri2
3 2
) To | T—mia | Tnrz | Tnia I R R R
3 y)
Tnia || Tnia ro | T—mia | Tar2 R I R R
) 3
Teiz || Tni2 | Tnia fo | Tr-ams| R R I R
3 2
Femia || T=nia | Trni2 | Tn/a ) R R R I

For brevity we have written R = R;;/», and then R? = R, and R® = R3;/2 = R_z/5.

NB: recall that products should be interpreted as acting from right to left: ab means apply b first
and then a. This is because we're talking about composition of functions (thatis, ab=ao b, or
ab(x) = a(b(x))).

2. Compare, term by term, the elements in the ry row with the elements in the ry column.
Whenever corresponding elements are equal, the 'multiplying element’ commutes with ry. For
example, the third element of the column and row is ry/», and this implies R?ry = roR?. The
answer is C(rg) = {e, ro, Ry, Iz/2}.

3. (a) The only elements that fix A are e and r,/4, and these form a group (of course!) G4 = (ry/4).
Similarly Gg = (r_z/4), and G¢c = G4, Gp = Gp.

4.

A B C D A B C D
ple) = (A i D) PR = 5 o A)

A B C D A B C D
p(Ry) = (C D A B p(Ryp2) = D A B C)
b0 - (A BCD by - (A B CD
pio = "1p ¢ B 4 PUni) = \4 D ¢ B
Gy - (A B CD _ A B C D
P\Igp2) = B A D C P(r—g/4) = C B A D




5. Gac ={e, Ry, /4, T—74}. This forms a subgroup of order 4 isomorphic to Z, x Z, (the group
has order 4 and contains no element of order 4, so it can’t be isomorphic to Z,). NB, this sub-
group of Dy is not conjugate to D-.

6. For the suggested example (using the permutations given in question 3)

o) A B C D\(A B C D
PUmia)PtTo A DC B/\D c B 4
_ (A B CD
B cD a

while /479 = Ry /2 (from multiplication table above) and

ABCD)

p(Rn/Z) = (B C D A

thus showing that p(r5/4) p(ro) = p(rp/aro) as required.

7. Firstly, from the multiplication table one finds 12 = r7/47077/4 (Indeed every element of Dy
can be written in terms of ry and r,/4 — that is, they generate the group). On the other hand,
the group generated by r and 752 is

H ={rg, rp/2) ={I, Ry, 10, T/2} .

(This group is called D5, and is isomorphic to Z, x Z.)

8. Here we just go through the multiplication table: for each element different from e, R;, we
need only find one other element with which it does not commute. For example ry and Ry/» do
not commute, and nor do r;/» and /4 etc.



