2.1

CHAPTER 2

LAGRANGE’S EQUATIONS

m HERE ARE BASICALLY TWO approaches to conservative mechanics, due princi-
((—\\ ( pally to Lagrange and Hamilton respectively. Each has advantages over the
@/ @#70 other, although the Lagrangian approach is almost always important as a
first step in finding the Hamiltonian framework. Newton’s description of mechanics
really requires one to be working in Euclidean (Cartesian) coordinates, and Lagrange!
found a very elegant approach which allows one to use different coordinate systems. In
this chapter we describe this approach; this approach has the added advantage of mak-
ing simple constraints easy to handle.

LAGRANGE’S EQUATIONS OF MOTION

To study the motion of a system of N particles described in Chapter 1, one starts with
Newton’s second law which states:

1
i, = —F", 2.1)
m;

where F§°t is the total force acting on particle i (i = 1,..., N), and r; is the position vector
of particle i. This is a system of 3N second order differential equations in 3NV variables
(x1,¥1,21,---, XN, YN, 2n)- The space of all possible configurations is therefore R3N and is
called the configuration space of the system. One could alternatively be considering N
particles moving in the plane R?, and the configuration space would then be R?N or N
particles moving on a line, in which case it would be R". Recall that the total number
of coordinates required is called the number of degrees of freedom of the system. In
this book, we deal only with conservative forces, so that we assume there is a function
on configuration space V(ry,...,ry) called the potential (energy), such that F&Ot =-V,V,
where asusual V;V =V /dr; = 0V /dx;, 0V /dy;, 0V10z;)T.

oseph-Louis Comte de Lagrange lived 1737-1813, and published the first edition of his great treatise
Meécanique Analytique (Analytical Mechanics) in 1788, just 100 years after Newton’s Principia (1687)

23



24 LAGRANGE’S EQUATIONS

EUCLIDEAN COORDINATES

Although one of the main advantages of Lagrange’s approach over Newton’s is the flex-
ibility in the coordinate system used, we begin by introducing Lagrange’s approach in
Euclidean coordinates.

Lagrange found he could formulate Newton’s laws in a manner that did not depend
on using Euclidean coordinates, and he was led to introduce a function equal to the dif-
ference between the kinetic and potential energies, now called the Lagrangian. In Eu-
clidean coordinates this is,

Lgv)=TWV)-V(q) (2.2)
where
q = (rl,...,rN)E[RsN
v = (vl,...,vN)ERsN
T = 3) millvil®
i

and V is the potential energy. The set {(g,v)} of all possible configurations? and velocities
is called the Lagrangian phase space and the Lagrangian is therefore a function on this
phase space

LRV xRN LR,

DEFINITION 2.1. Given any smooth function £(g,v) on the phase space, Lagrange’s equa-
tions are

d (OL’) oL
— = 23)

de\ov)  aq

This is a vector expression with 3N components, so consists of 3N differential equations,
one for each component of q, each of second order in q, so

d (dﬁ) oL . 12 3N
dt\ov; _Gq,- Ty
(ori=1,...,2N if the motion is in a plane, etc). 4

In practice, when solving a problem, one writes the 3N equations out one by one.

Since v = q, Lagrange’s equations are often written

EYEEE o
dt\oq) agq '
or one by one,

4E) 3 ipan

dt\dg; _aq,- s

2Note that the symbol g for configuration is not in bold face — we do not think of configurations as
vectors, but just as coordinates. Addition of configurations does not (usually) have any meaning. On the
other hand velocity q is a vector
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2.1 Lagrange's equations of motion 25

REMARK 2.2. Lagrange's equations are also known as the Euler-Lagrange equations.
This is because there is an important interpretation of Lagrange's equations as a varia-
tional problem, the so-called “principle of least action”, see Section 2.7. »

EXAMPLE 2.3. (Lagrangian for a simple spring) Consider a particle of mass m on
the end of a spring of spring constant k, and let x € R be the extension of the spring.
Since the configuration of the system is determined by a single variable x, it is a
system with 1 degree of freedom. The Lagrangian phase space is just R x R in this
example, so g = x and v= v = x. Then

T(v)=3imv®, V(x)=3kx’.
Consequently, the Lagrangian is simply
kx?,

L’(x,v):T—V:%mvz—%

d (aﬁ)_ d( )= mi = mi
dr\ov) " ag T TmrEmE
and o
=k
0x o
so that Lagrange’s equation gives us
mx = —kx,

which is (of course!) the same as the equation one obtains directly from Newton’s
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} second law (as F = —kx for a spring).
!

This example is indicative of the general equivalence:

PROPOSITION 2.4. In Cartesian coordinates, Lagrange’s equations (2.3) are equiva-
lent to Newton's equations (2.1).

PrOOF: Thisis an easy calculation: for dL/0v; = m;v; =p;, and 0L/0r; = —grad; V.
Lagrange’s equation is then just p; = —grad; V as required. a

REMARK 2.5. Notice that 0L£/8v = p, the momentum, and L/0q = —grad V which is the
force. We will return to this later. ”®

|

} ExAMPLE 2.6. Find the equations of motion of a particle of mass m moving in the
- plane with potential energy V (x, y) = X2 +y2).
\
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LAGRANGE’S EQUATIONS

Solution: We need to find the Lagrangian. The kinetic energy is %m()'c2 +32), so that

Ly, %7) = tm@E+ 75 -1 + 2.

Lagrange’s equations give us:

o for x:
i(%)_d(m;’c)_mx
de\ox) dr 7
and
oL
ox

Lagrange’s equation for x is then mi = —x.
e for y: this is analogous —

ol oE) Byl 5o
ac\oy)” "ar ° ™

The equations of motion are therefore

mx = —x, my=—jy.

(2.5)

EXAMPLE 2.7. (Two body problem) Consider 2 particles of masses my, m,, mov-
ing in space under a mutual gravitational interaction (a system with 6 degrees of
freedom). Let r1,r, be the position vectors of the two particles. The gravitational

potential energy is determined by their mutual distance:

Gm1 mno

Vry,re) =— :
lxr; —x2

where G is Newton’s “universal gravitational constant”. The kinetic energy is

1 2,1 2
T(vi,v2) = smplvill” + g mallva |l

so that the Lagrangian is given by

mm
L(qv) = smlvi 12+ L mallva |12+ 2.
lry —rol
Then for j = 1,2 we have
d (aﬁ) P
R e
di \av; i =P
oL _ Gm1m2 (i —1p)
o -

CM-JM

(2.6)
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2.2 More general coordinates 27

where k # j. Lagrange’s equations are therefore

. _ Gm1m2 (1‘ r )
PL = g 172
o _ Gm1m2 (1‘ r )
P2 = 2T

which are of course the same as Newton’s equations.

2.2 MORE GENERAL COORDINATES

It may seem that we have gained little in rewriting Newton’s equation in Lagrange’s form.

However the power of Lagrange’s insight is in the following. Suppose we no longer use

Euclidean (Cartesian) coordinates, but some others such as polar coordinates, or spheri-

cal polar coordinates (which might describe particles moving on the surface of a sphere)—
classically such non-Euclidean coordinates were called generalized coordinates—then

Newton’s laws no longer hold, at least not in the form m¢ = —grad V. Lagrange wanted

to write the equations of motion in a manner that did not depend upon using Euclidean

coordinates, and we now proceed to show how Lagrange’s equations do this. There is an-

other important advantage to Lagrange’s equations, which is that it can deal with many

constrained systems, as we will see in the next section.

First we go through the argument with an example, and then proceed to adapt the
example to deal with the general setting.

EXAMPLE 2.8. Let us redo example 2.6 but in polar coordinates. We have V(x, y) =
1(x?+ y%), so in polar coordinates, V(r,6) = 172 (it happens to be independent of
0). The kinetic energy is (see Problem 1.8), T = 4 (7% + r26?). Thus,

L(1,0,7,0) = $(7* + r26%) - 112,
Lagrange’s equations give us:

o forr:
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| d (0£) dimi)
| ailar)= "qr =
} and (don’t forget the r term in the kinetic energy)
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- mré? —r.

Thus mi =r6%—r.

e for0: d (30 d
— (—) = a(mrzé) =2mri0+mr?0,

dr\g0
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28 LAGRANGE’S EQUATIONS

(using the product rule). On the other hand g—ﬁ =0, giving mr20+2mrif = 0.

Thus in polar coordinates the equations of motion are,

mi mré?—r
v . 2.7
{ r = =270. Ll

The question is, are these the equations of motion arising from Newton’s laws

|
|
|
\
|
\
\
|
|
|
\
|
\
1 (as in Example 2.6)? The answer is, of course, affermative. See Problem 2.2.
\

Recall that kinetic energy is defined using Cartesian coordinates, and for this reason
in all cases, we must start with Cartesian coordinates. Let us write x = (x1, X2, ..., X3n) tO
describe the Cartesian coordinates of all the N particles in the system.

Next write g = (q1,...,qn) for the new coordinates (polar, spherical, whatever,...)—
for a system with n degrees of freedom. Then write v for the transformation converting
non-Cartesian coordinates to Cartesian ones:

x=y(q).

Thus v is a smooth® map y : R — R3V,

For example, using polar coordinates for a single particle moving in the plane, we
have x = rcosf and y = rsinf and z = 0, so that

X rcos6
x=|y|=w(r0) =| rsinf |. (2.8)
z 0

Here 3N =3 and n=2.

To use Lagrange’s equations in the new coordinates q requires us to derive the expres-
sion for kinetic energy in the new coordinates, for example using 7, 8 in polar coordinates
(as in Problem 1.8). Now using the coordinates g to describe the motion means that we
will use

q: ((71»672»---, L'In)T

as velocity vector. And we want to express the kinetic energy in terms of q rather than the
v=xused in its definition.

If x = 1w(q) and g depends on time ¢, then x(¢) = ¥ (q(#)) and the velocity is related by
differentiating with respect to ¢:

x=Dy(q)q, (2.9)

by the chain rule, where Dy (q) is the Jacobian matrix of y at q. It is the 3N x n matrix,
defined by

oy,

06] j ’

(Dy)ij =

3smooth means v can be differentiated as many times as we want; in practice 2 or 3 times differentiable

is sufficient
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2.3 Constrained systems 29

(That’s the ith row and jth column.) For example, for polar coordinates we have from

(2.8) that
cosf -—rsinf

Dy =|sinf rcosf |. (2.10)
0 0

The relation between q and x is then

cos@ —rsinf : fcos@—résin@
x=Dy(q)q=| sinf rcosf (é): 7sinf +rfcosb |;
0 0 0

thatis, X = 7 cos® — r@sinf and y=rsinf+ rd cos (and z = 0), as we saw above.

REMARK 2.9. Notice that g is not considered to be a vector, although it does have several
components—it is meaningless to add polar coordinates, or multiply them by a scalar. On
the other hand, the velocity q is a vector: addition and scalar multiplication of velocities
is meaningful. That said, we do write x (Cartesian coordinates) as a vector. ”

The next step is to write the kinetic energy in terms of q, similar to that for polar coor-
dinates in the example above. However, since the approach is the same for constrained
systems, we postpone the general case until after describing constrained systems.

CONSTRAINED SYSTEMS

Many systems involve constraints of some kind. If there are no constraints, then each
particle is free to move in 3-dimensions, so with N particles there are 3N degrees of free-
dom. Constraints decrease the number of degrees of freedom. Here we list some of the
principal type of constraint:

1. A particle on a plane, for example a smooth table. Here the constraint is “lying on
the table”, and in Cartesian coordinates imposes the condition z = 0, so reducing
the number of degrees of freedom from 3 to 2. The system could be parametrized
by (x, y), or using polar coordinates, by (r,6).

2. In a planar pendulum, firstly the bob is constrained to move in a vertical plane, so
reducing the number of degrees of freedom from 3 to 2, but then the inelastic rod
imposes another (independent) condition that the distance of the bob from the
fixed point of the rod is constant, equal to ¢, in other words one has x? + y? = £2 (in
appropriate coordinates). The end result is that it is sensible to use just the angle 8
as configuration variable, and there is just the one degree of freedom.

3. Abead moving on a smooth wire: this has just 1 degree of freedom, and the bead is
constrained to the wire by appropriate equations. The system could be parametrized
by the variable parametrizing the curve.

4. A cylinder rolling down an inclined plane.

5. Aball rolling on a table top.
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30 LAGRANGE’S EQUATIONS

The constraint in each of the last two examples involves velocity: the constraint of
rolling is expressed by saying that the point of contact at any instant has zero velocity.
This type of constraint is harder to deal with than the constraints which only involve
position in their definition, like those numbered 1,2,3 in the list above.

These latter constraints which arise as restrictions on the possible configurations and
are called holonomic constraints. The harder ones involving the velocities as well as the
configurations are therefore called non-holonomic constraints. We will just be dealing
with holonomic constraints.

A simple example of a constrained system is the plane pendulum as described above:
while the bob moves in the plane, it is constrained by the inextensible rod to lie on a
circle. Similarly in the Atwood machine (see Problem sheet 1), the two masses are con-
strained to lie at a fixed distance apart (distance as measured up over the pulley and
down again—equal to the length of the inextensible string). In fact almost all the exam-
ples we are interested in have some constraints, and in order to proceed further we must
therefore include these constraints in the Lagrangian formalism.

As in the previous section, we will choose coordinates adapted to the problem, and
which moreover respect the constraints. For example, for the plane pendulum we only
need the one coordinate 8, and the expression in Cartesian coordinates is then x = £sing
and y = —£¢cos0 (see the diagram on p. 33).

For a general (constrained) system, we introduce coordinates g = (1, g2, .., qn). The
number 7 is called the number of degrees of freedom of the system. So for example, the
pendulum with g = 8 has just 1 degree of freedom.

As in the previous section, we will parametrize the (allowed) configurations by a map
w, 0y :R" — R3N, with x = y(q). The (allowed) velocities are then given by

v=Dy(q)q, 2.11)

with ¢ = (41, §2, ..., Gn)" (a column vector). Again, Dy is the Jacobian matrix of v, but
now itis a 3N x n matrix (3N rows and n columns).

For example, for a simple pendulum the parametrization is x = ¢ (0) = (—Z;QESH ), s
the velocity is
: [fcosB) ,
v="Dy(0)0= ( /sinf ) 9

and geometrically one can see that this velocity is tangent to the circle at the point (8).

Let us write Q c R3N for the image of y; that is Q is the set of configurations that are
allowed by the constraints—it is called the configuration space. We are going to assume
that Q is a regular subset* of R3V, which happens when the Jacobian matrix Dy always
has rank equal to 7 (so the linear map u — Dy u is always injective).

The space of allowed velocities at x = y(q) is the space
xQ={Dy(q)q| qeR"}.

Vectors in TxQ are called tangent vectors to Q at X. (and in geometry, the space TxQ
is called the tangent space to Q at x = ¢(q)). The allowed velocities are called “virtual
velocities” in some texts.

4also called a submanifold
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2.3 Constrained systems 31

In other words, TxQ is the linear subspace of R*" equal to the image of the Jacobian
matrix Dy (q), where x = y(q). It is the space of allowed velocities, by equation (2.11)

DEFINITION 2.10. A constraint force F on a system is one which is orthogonal to the
allowed velocities of the system:

N
Y Fj-x;=0.
j=1
Here the vector F; is the effect of the force on particle j. In terms of q this condition is,
F-Dy4(q) =0,
for all ¢ € R, where now F is written as a vector in R3". Or again this is equivalent to
F'Dy(q) =0,
(product of row vector and matrix). 4

The reson for this definition of constraint force is the following property.

PROPOSITION 2.11. A constraint force does no work on the system, so in particular
does not alter the kinetic energy.

1

PrROOF: The kinetic energy of the system is T = Z?’:l smjllvil|l>. Then due to the

force F we have,
dr X .
a7 - XMV = v F;
j=1
(Fj= m\'lj by Newton’s second law). So it follows from the definition of constraint
force thatdT/dt = 0. a

This fact is behind why Lagrange’s method works for constrained systems: the con-
straints do not effect the kinetic energy, and Lagrange’s method is based on kinetic en-

ergy.

EXAMPLE 2.12. Let us show directly that the tension in the string in the Atwood
machine (see Problem sheet 1) is a constraint force. Now, two masses are moving
with the same speed in opposite directions, write v,, = —v,,. Both are vertical vec-
tors so write vy; = ves. The tension in the string is the same for each of the masses,
say Tes (T > 0 as both act upwards). Then

(Tes) -vpr+(Tes3) vy, =(Te3) - (v—v)e3=0.

Therefore the tension is a constraint force. Note that the tension in the (inextensi-
ble) string is what is forcing the speeds of the masses to be equal: if the string were
elastic, then the tension would not be a constraint force, and indeed kinetic energy
would be converted into elastic energy.
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The fact that the velocities are equal and opposite in this example is what is meant
by allowed velocities in the definition. Similarly in the plane pendulum, any allowed
velocity is tangent to the circle of motion (which is perpendicular to the tension in the
rod).

More generally, if a system of N particles moves in a way so that all the inter-particle
distances are constant (for example they are all connected by light inextensible rods) then
the forces maintaining their constant separations (tensions in said rods) are constraint
forces.

LAGRANGIANS IN GENERAL COORDINATES

Whether it is just that the problem suggests using non-Cartesian coordinates, or that the
system is constrained is some way forcing a use of other coordinates, in order to describe
the state of the system one often needs to introduce some different (non-Cartesian) co-
ordinates. We will denote the new coordinates by g = (q1, go, ..., qn). For example, for
the plane pendulum one only needs a single variable 6, so in that case g = 8. If we have
two particles in the plane, and want to use polar coordinates, then we would have coor-
dinates g = (11, 01, 12, 62).

The Cartesian coordinates x will depend on the chosen coordinates g through some
(differentiable) map v : R” — R3V, with x = 1(g). The number 7 is the number of degrees
of freedom of the system.

In these new coordinates, the new Lagrangian is as before equal to “kinetic - poten-
tial”. The new potential is simply obtained by writing V in terms of g instead of x, and
the new kinetic energy requires writing v (or X) in terms of q as in (2.11). In other words
we substitute

x,X) = (y(q), Dy(q)qQ).

Thatis,
L(q,q =Tw(q), Dy(q)q - V(y(q).

We call this the Lagrangian on the configuration space.

THEOREM 2.13. Lagrange’s equations on the configuration space are equivalent to
Newton’s laws with the constraint.

There are several ways of proving this theorem, but the most beautiful is the one
using Hamilton’s “principle of least action” and is given in § 2.7.

The basic example of a constraint force is any set of forces on the particles that main-
tain the distances between them, so that the system behaves as a rigid body.

|
} EXAMPLE 2.14. (The plane pendulum: Lagrangian approach)
!
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2.4 Lagrangians in general coordinates 33

Traditionally, the mathematical pendulum con-
sists of a particle of mass m—the bob—attached
to one end of a light inextensible rod of length ¢,

the other end of which is attached to a fixed point. o\

The pendulum is free to swing in a plane. We can

describe the position of the pendulum by the an- »m
gle 0 the rod makes with the vertical—Figure 2.1. T -
[Here ‘light’ means the rod has negligible mass Figure 2.1:

and ‘inextensible’ means that any elastic effects The plane pendulum

are ignored]

As we saw in Chapter 1 (Example 1.11) gravitational force is conservative and
the potential depends on the height of the particle above some fixed level. The
height above the lowest point of the circle is here ¢(1 — cos ), so

V=mgl(1-cosb).

Let us find the Lagrangian in terms of 6 and 6. The potential energy is V, and
for the kinetic energy we need that the Euclidean coordinates corresponding to 0

are
x_(x)_( /sinf )
“\y) \=fcosh)
X_(X)_(fcos@é)
“\y) \¢sin60)’

T©) = 3mlxl* = m(* + ) = me*6°.

The velocity is then,

so the kinetic energy is

The Lagrangian is therefore
L£(6,0) = %mézéz —mg¥¢(1—cos0).

Now we write Lagrange’s equations (2.3).

i(%) _ &
dt\s0 06

d g
= a(méze) = —mg/{sinf

Simplifying (since m and ¢ are constant) gives

. g .
0 =—-=sin0.
l
This is indeed the equation of motion one derives using Newton’s law using both
the gravitational force and the force due to the tension in the rod (the constraint
force: it is always perpendicular to the velocity). Thus, Lagrange’s equations con-

tinue to hold true even for this constrained system.
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34 LAGRANGE’S EQUATIONS

| Notice that 0£/00 = m¢26, which is the angular momentum of the pendulum
} about the origin, and 0L/00 = —mg¥¢sin@, which is the torque of the gravitational
; force about the centre of the circle, so in this case Lagrange’s equation is saying that
| torque is equal to rate of change of angular momentum.

!

KINETIC ENERGY AND THE MASS-INERTIA MATRIX Since the kinetic energy is always quadratic
in the velocity vector q (whatever generalized coordinates we are using), it can be written
T(q,q = %qT[K(q)q, where q is a column vector and K(q) is a symmetric matrix depend-

ing on q, and called the mass-inertia matrix (also the kinetic matrix).

For example, in polar coordinates the kinetic energy of a particle in the plane is

T =1m@E +j%) = sm(#* + r*6%).

K:(m 02)’
0 mr

The mass-inertia matrix is then

so that with q = (#, §)” one has indeed 147 K q = 1 m(#* + r26?).

m
(x,y)

FIGURE 2.2: The elliptic pendulum

EXAMPLE 2.15. (The elliptic pendulum) This consists of a light rod of length ¢ with
abob of mass m at one end, hanging in a vertical plane, with its other end not fixed
buts free to slide on a horizontal axis, see Figure 2.2. Determine the Lagrangian and
deduce the equations of motion.

!
I
I
!
I
I
I
!
I
; Solution: We will use x,0 as coordinates, because specifying the coordinates
| (x,y) of the bob does not determine the configuration of the pendulum. The rela-
} tionis y=—¢cos0,so y=¥¢sin66.

!

I

I

!

I

I

I

!

I

I

I

First we find the kinetic energy. The only part with mass is the bob, which has
Cartesian coordinates (x, y), so the kinetic energy is

T

ITm(® + 7).
%m ()'cz + 0%sin® 692) . 2.12)
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2.4 Lagrangians in general coordinates 35

The mass-inertia matrix is therefore,

m 0

K(x,0) = . .
(x,6) ( 0 mézsmzﬂ)

Notice that when sin@ = 0 this matrix is degenerate (putting (J'c,é) = (0,1) gives

T = 0: this corresponds to keeping the mass fixed and just moving the slider in-

finitesimally, and of course there is no kinetic energy for such a motion). This will

have repercussions for the equations of motion.

The potential energy is V = mgy = -mg¥¢ cos6, so the Lagrangian is given by
L(x,%0,0)=T-V = %m (J'c2 + 02 sin2092) +mg/lcosb. (2.13)

The derivatives required for Lagrange’s equation are:

i(%) = i(m)'c) = mi
delox) = dt -
o _
ox
d aﬁ _ 2 d .« 2 A
E(E) = ml a(sm 99)
% = ml?sinfcosH6? — mg¥sinf

so Lagrange’s equations give us:

mi = 0
me? (2 sinf cos 6 6? +sin29é) = ml?sinfcosf6? - mg¥sinf
or, simplifying and rearranging, we get
{ X =0
sin?060 +sinfcos0f? = -Lsing

You will notice the first equation is conservation of the x-component of momen-
tum,; physically, this is to be expected because both the constraining force and grav-
ity act vertically so have no component in the x-direction. The second equation is
singular when 8 = 0 or 7, as the coefficient of 0 vanishes there. This is closely re-
lated to the fact that the matrix K is not invertible at those points.

|
|
|
|
|
!
|
|
|
|
|
|
|
|
|
|
!
|
|
!
|
|
|
|
|
|
|
|
|
|
!
|
|
|
|
|
|
} = me? (2 sinf cos 6 6° +sin299)
|
|
|
|
|
!
|
|
|
|
|
|
|
|
|
|
|
|
|
!
|
|
|
|
|
|
|
|
|
|
|
} We will not attempt to say anything about the solutions here.
|

The general formula for K is found by substituting v = Dy /(g)q into the expression for
the kinetic energy. The expression in Euclidean (Cartesian) coordinates can be written
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36 LAGRANGE’S EQUATIONS

as
T= %VTMV
m 0
where M is the “mass matrix”. If there isjust one particle, then M =| 0 m
0 0
eral, M is the diagonal matrix with diagonal entries (m,, my, my, mp, my, mo,
thatis, in 3 x 3 blocks,

0

0 |. Ingen-

m
...,mpy,my, my);

m1[3 0 0 0
0 m213 0 0
M= . ,
0 0 . 0
0 0 0 leg

where I3 is the 3 x 3 identity matrix. Thus substituting v = Dy ,q gives

T=W'Mv = LDy,@" M(Dy,q
= 14"y MDy,9
= 34" (DygMDy,)q
= 14"K(g)q

so that
K(q) =Dy, MDy,. (2.14)

If the system has 7 degrees of freedom, then [K(g) is an n x n symmetric matrix.

REMARK 2.16. Notice that the kinetic energy T was originally just a function of the
velocity v=x%, but is now a function of both position (configuration) and velocity; this is
because when using non-Euclidean coordinates the Jacobian matrix Dy, often brings g
explicitly into the expression (2.14) for the kinetic energy. From now on, we will therefore
always write T(q,q). »”

DEFINITION 2.17. A Lagrangian £ = %qT[K q—V(q) is regular or non-degenerateif K(q)
is an invertible matrix 4

Since one assumes all the masses of the particles in a system are non-zero, the mass
matrix M is an invertible matrix. It then follows from (2.14) that K is degenerate iff Dy,
fails to be injective. In other words, the cause® of a Lagrangian to be degenerate is that
the coordinate system is not regular, such as occurs with polar coordinates when r = 0
and det Dy (o gy = 0 (see equation (2.10)). In many cases, this can be resolved by choosing
a better system of coordinates, but sometime the degeneracy is inherent to the system
(as in the elliptic pendulum above).

The following definition extends the observation made in Remark 2.5.

DEFINITION 2.18. Consider a Lagrangian system with (generalized) coordinates (g, ..., gn)-

50ne can also imagine a system where one of the particles has zero mass in which case M is itself degen-
erate, and then K may also be degenerate even with regular coordinates.
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For each coordinate g, the quantity

oL
Pi ==
is called the generalized momentum corresponding to g, or conjugateto q;. The quan-
tity dL/0q; is called the generalized force on the system, associated to q; (or, conjugate
to g j). v

This quantity is named momentum because, in standard Euclidean coordinates for
a particle, £ = mg® - V(qg), so that

oL e
ag M

which is precisely the usual momentum. And in Example 2.19 below, 6L/ 0 is the an-
gular momentum about the z-axis, so 0L/0g encompasses both types of momentum we
know.

For example, in the plane pendulum, p = pg = % = m¢%0, and this is equal to the an-

gular momentum about the origin. In the elliptic pendulum above, we have from (2.13).
oL . oL

po = — = ml*sin6 6.

pxzazmx, %

If, as in the definition, the quantity dL/0q is the generalized force, then Lagrange’s
equation reads,

generalized force equals rate of change of generalized momentum

which should sound familiar if you remove the word ‘generalised’!

For general coordinates, if the system is a simple mechanical one with £(q,q) = %qT[K (pq-
V(q), then

p=K(qq.

In particular, the Lagrangian being regular is equivalent to the linear map q — p = Kq
being invertible.

ExAMPLE 2.19. (The spherical pendulum) This is a pendulum that is not confined
to a plane, where the bob moves on a circle, but now the bob can move on a sphere.
For coordinates we use spherical polar coordinates g = (8, ¢), with 8 € [0, 1] mea-
suring the angle with the downward vertical, and ¢ € [0,27) the angle between the
arm of the pendulum and a fixed vertical plane (so 0 = n/2 — latitude, and ¢ is the
longitude). The potential energy is given by V = mg#(1 — cos ) (taking the down-
ward configuration as zero). To find the kinetic energy, one needs to express the
velocity in Euclidean terms: we have

r=v(0, ¢) = (¢sinfcosy, £sinfsinp, —¢ cosh)
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and so
i = ¢0(cos cos @, cosOsin,sinf) + ¢p(—sinHsin @, sinf cos ¢, 0).

One then finds that the kinetic energy, which in Euclidean terms is T = %mli‘lz,
becomes in spherical polar coordinates,

T=1me? (6 +5in0 %), (2.15)
as the reader should check. The mass-inertia matrix is then given by

me? 0
K(Q,(p):( 0 m(zsinze)'

The Lagrangian fails to be regular when sinf = 0, so at 8 = 0, ¥ which correspond to
the pendulum being either upward or downward. This is because spherical polar
coordinates are not regular at these points.

The Lagrangian is thus
L£(q,q) = %m(z (92 + sin29(/')2) —mg¥l(1—cos#).

Lagrange’s equations for this system are then, after simplifying,

{ 0 sinf cosf ¢* — £ sin@
L (me*sin’0¢) = 0.

The final 0 arises because £ is independent of ¢ so dL/0¢ = 0. This corresponds
to there being no force in the ¢-direction. In general, if £ is independent of a par-
ticular coordinate, that coordinate is said to be cyclic, so in this example the coor-
dinate ¢ is cyclic. The quantity 0£/d¢ = m#¢?sin? 60 ¢ is the angular momentum of
the pendulum around the vertical axis.

FIGURE 2.3: Cross-section of a cylinder rolling down an inclined plane
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EXAMPLE 2.20. (Cylinder rolling down inclined plane)

Consider a uniform cylinder of mass M, radius R and length ¢, rolling without
slipping down a plane inclined at an angle a to the horizontal. Find the equation
of motion.

Solution: Referring to Figure 2.3 we can choose either x or ¢ as coordinate. Here x
is the distance moved along the plane (eg by the centre of mass), and ¢ is the angle
made by a fixed radial line with the vertical. Provided one starts with x = ¢ = 0, the
two are related by the rolling condition

X =R¢.

To find the Lagrangian, we need first to calculate the kinetic energy. Recall from
Chapter 1, the kinetic energy is the sum of the kinetic energy “of the centre of mass”,
whose velocity here is X, and the kinetic energy Ty of the motion of the particles
relative to the centre of mass:

T=1IMi*+Ty.

Now Ty is the energy due to the rotation about the axis of the cylinder, which as we
saw in Chapter 1 is
To = 110,

where I = %MRZ, the moment of inertia about the axis of the cylinder. Thus, using
¢ as the coordinate, we have w = ¢ and

T = IM3* + Ty = s MR*¢* + 1 1¢* = 31¢7°.

The potential energy is gravitational, so V = Mgh = —Mgxsina = —MgR¢$sina
(up to adding a constant), so that the Lagrangian is given by

L(p,$) = 31¢* + MgRpsina.

Lagrange’s equations now read
d (31¢) = MgRsina
dt = '

so that
31¢ = MgRsina.

Substituting for I = %M R?, the acceleration of the cylinder is therefore

2gsina
3R

Or, with x = R¢p, X = %gsina.

REMARK 2.21. In that last example, one can consider x,¢ as independent variables, so
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describing a system with 2 degrees of freedom. This would in fact be necessary if the
cylinder were allowed to slide down the slope. However, the no-slip (or rolling) condition
is a holonomic constraint imposing the relationship x = R¢p between the two variables,
thus reducing it to the 1 degree of freedom system we considered above. »

All our Lagrangians have been of the form “kinetic minus potential”, but others do
arise. For example, a charged particle in an electromagnetic field is subject to the Lorentz
force (see §1.6) F = g(E + v x B). The Lagrangian for this is

L(x,v) = imvl® - gpx) + gA®) -V, (2.16)

where r is the position vector of the particle, v = I its velocity, ¢(r) is the electric potential,
so E = V¢, and A is the magnetic vector potential: B =V x A. Notice that the last term is
linear in the velocity, so is neither kinetic nor potential energy.

EXERCISE Show Lagrange’s equations for (2.16) do indeed give the same equation of motion
as Newton’s laws with the Lorentz force (Problem 2.12). PAe

REMARK 2.22. If there is in addition a non-conservative force F acting on the system,
then one can modify Lagrange’s equation to take this into account. If we write F; as this
non-conservative force acting on particle i, and write r; =r;(q1,...,gk) then the result is
d (oL oL
)0
dr aq]’ aqj

where Q; :ZiFi-g—;;, SO as a vector, Q = FTDu/q. The quantity £/8q;+Qj is called a

generalized force corresponding to the generalized coordinate g;. »

NOETHER’S THEOREM

Notice that in Example 2.19 above, the fact that ¢ is a cyclic coordinate leads to a conser-
vation law: d

— (me?sin®6 ¢) =0,

= )

or in other words, m#¢?sin®@ ¢ is constant. This is a particular case of a general phe-
nomenon that we will be returning to and using many times:

THEOREM 2.23 (Noether). Let £(q,v) be a Lagrangian for a given system, and sup-
pose that the coordinate q, is cyclic (i.e. L is independent of q,). Then the quantity
0L/0q, is conserved.

ProOF: Thisfollows immediately from Lagrange’s equations (as in the example above),

for
d(oe) 2t
de\oq1)  oqi’
and this latter term is 0 as £ is independent of q; a
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Since p = dL/0q is the momentum associated to g, Noether’s theorem tells us that if
avariable q is cyclic then the corresponding momentum is conserved.

This result of Emmy Noether® is of great importance as it helps restrict the types of
motion possible in a given system. In the spherical pendulum example this result was
easy to apply as it ‘jumped out’ from the equations of motion. However, this is not always
the case, and one may have to make a judicious change of coordinates to see a cyclic
variable, as in the following example.

ExAMPLE 2.24. Recall Example 2.7 where we considered two particles of m; and
my attracted by their gravitational interaction (see also Exercise 1.6). The Euclidean
coordinates r; and r; are not cyclic, but a change of coordinates brings out the law
of conservation of momentum. Write M = m; + mp and uj = m;/M (j = 1,2), so
that y; + pp = 1. Define q = (q+,q-) by

q+ = H1r) + Horp, q- =1 —I2.

That is, q; is the position of the centre of mass and q- the relative position of the
particles. This change of coordinates can easily be inverted:

r=q++u2q-, r2=q+—Hi1q-.

Write this as (r;,r2) = ¥(q+,q-). We want to express the Lagrangian in terms of
these new coordinates, and for that we use the differential of 1 and replace the
Lagrangian (2.6) by L' = Lo Dy:

mymy ”2 Gmimy

L= IMlvy?+ —|v_
2 2M g1

’

where v, = q; etc. Now all three components of q. are cyclic as q+ does not ap-
pear in the expression for £'. Noether’s theorem therefore implies that the three
components of

=Mv
ov, *

are conserved. But Mv, is the total momentum p as defined in §1.3, so we have
shown that the total momentum is conserved (a fact we already proved in Corollary
1.3 onp.8).

Finally, notice that in this example and in these coordinates, the mass-inertia
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SEmmy Noether: 1882-1935. Born in Germany, she emigrated to the US to avoid Nazi persecution. She
made many contributions to mathematics, mostly in algebra. She proved a result that implies the theorem
above in 1915, the same year Einstein’s paper on General Relativity appeared. Einstein is said to have been
impressed by the power and scope of Noether’s theorem which goes far beyond the statement above.
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which is clearly positive definite, so the Lagrangian is regular. (Recall that a sym-
metric matrix S (or quadratic form) is positive definite if for all x # 0, one has

|
\
\
\
. x!'Sx>0, or equivalently if all the eigenvalues of S are positive.)
\

2.6 * ROUTH REDUCTION

Edward Routh in his famous prize-winning essay in 1877 developed (among other things)
asystematic method for taking advantage of the conserved quantities arising in Noether’s
theorem; this is now called Routh reduction. We begin with an example where there is
just one cyclic coordinate: the planar central force problem.

ExaMPLE 2.25. Consider a particle of mass m in the plane attracted by a gravita-
tional force to the origin. We will use polar coordinates to take advantage of the
cyclic variable. The potential energy is V = —k/r for some constant k, and the ki-
netic energy is %m(r'2 +7r26%). The Lagrangian is

. ok
L(r,0,70) = $m(i* + r*6%) + -

Clearly (and as we have seen before) 6 is cyclic, and pg = mr20 is conserved (it is
the angular momentum about the origin — see Chapter 1). Fix a value u for pg (i’
for momentum) and define the modified Lagrangian or Routhian for the value u
by

Ru(r, )= L(1,0,7) — ub

and substituting for 0 in terms of 1= pp to get

Ry, i) = %m(r'2+r292)+7—p9
S WS A WO Y (8 LN S (.
T A R
2
_ 1.2 H
AT

Notice that this is the Lagrangian of a 1-degree of freedom system, and there is one
for each value of y. Moreover, we can interpret the first term as kinetic energy and
the second two together as minus potential energy:

12

2mr2’

Van =%
By
This is equal to the original potential energy plus an extra term arising from the

momentum value ¢ (and in this example can be interpreted as a centrifugal contri-

I
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I
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!
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I
!
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\
I
I
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\
\
I
I
!
!
I
\
\
I
} bution). This is called the amended potential for the reduced problem.
I

The general procedure introduced by Routh is as follows.
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Consider a Lagrangian system given by £(q,q), where some of the coordinates are
cyclic. Let us write g = (61,...,0¢, x1,...,x;), where the 6; are all cyclic, while the x; are
not; so the total number of degrees of freedom is n = k + r. Then by Noether’s theorem
the momenta py,, ..., pg, are conserved quantities.

The aim is to treat the pyp, as constants (so parameters in some sense) and the remain-
ing variables xi,...,x; (and the corresponding velocities) as the variables in a smaller
‘reduced’ Lagrangian system.

The reduction proceeds by eliminating from £ the @ variables using

oc .
pej:ﬁ (]:1,,k) (217)
J

So we need to assume that one can solve (2.17) for each 6; j as a function of the py;; this
is always possible if £L =T -V with T = 2qT[K.q and K is positive definite. Define the
Routhian R, (x, %) by’

. k .
Ru(x,)'() =/L(0,x,0,x) — Z [J]'Qj,
=1

after eliminating the 0 j infavour of the y1j = py, using (2.17), as was done in the example
above.

THEOREM 2.26 (Routh, 1877). Consider the Lagrangian L(6,x,0,%) and suppose the
0 coordinates are cyclic and that L is R-regular. Then when the conserved quantity
P = U the variables x evolve as if governed by the Routhian R, defined above.

PrROOF: Now x evolves according to Lagrange’s equations for L. Since 6 depends on
x and x (and the constant u) we have

Ry Z a6; Z a6
ox; xl 7 66] 0x; Hi 0x;
oL oL 00
= — + _—
ox; Z(ae] u]) ((M)
oL
B axi
where the partial derivatives are taken at constant pg = yu. And likewise (with x; re-
placing x;),
ORy oL
ox; 0%

aR
Thus, g; (gf) ddt ( P ”) and therefore because x satisfies Lagrange’s equations for

L, it also satisfies Lagrange’s equations for R, as required. dJ

“Routh called this the modified Lagrangian
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One thing to note is that even if the original system describes a simple mechanical
system the reduced one may not be of the same form. However, it can always be written

Ryu(x, %) = $3TKx+ A x - V(0.

Here A(u) depends linearly on i (and depends on the original form of the kinetic energy).
The quantity V,(x), which involves all the terms independent of x is called the amended
potential. In the example above, A(u) = 0 and V,,(r) = V(r) + p®/2mr?.

DEFINITION 2.27. A motion where all the x-coordinates are constant and only the cyclic
coordinates vary is called a relative equilibrium or steady motion. 4

In this case one can show that the cyclic variables always vary uniformly; that is, 0
is constant. Thus a relative equilibrium is an equilibrium point for the reduced system
governed by the Routhian.

Routh’s motivation in his work was to find a method for determining whether a rel-
ative equilibrium is stable or not, and his ‘reduction’ procedure reduces the problem to
that of the stability of an equilibrium point, using the amended potential. See the next
chapter for how stability is determined from the potential energy.

* HAMILTON’S PRINCIPLE

This section is included for its own intrinsic interest, and not used elsewhere in the
book, so can be safely skipped. The principal motivation for including it is that it pro-
vides a beautiful argument justifying Lagrange’s equations, so providing a proof of The-
orem 2.13.

William Rowan Hamilton® was a very important mathematician and contributed to
anumber of areas. His first major contribution to science was in the field of optics, when
he published an important paper at the age of 21. In his work on optics he was partic-
ularly fascinated by Fermat’s principle of least time, which states that for a light ray to
go from a point A to a point B through any medium, it will choose the path of shortest
time. One can easily deduce the laws of reflection and refraction from this principle (see
eg Feynman’s Lectures in Physics, Volume I).

When Hamilton turned his mind to mechanics he was probably struck by the fact that
like light, particles travel in straight lines unless deflected by some external force (analo-
gous to deflecting a light ray by reflection or refraction), so he asked whether there could
be a principle similar to Fermat’s that governs mechanics. Of course, it could not simply
be aleast time principle as a particle can travel from A to B in various times according to
how fast it travels.

Hamilton’s solution to his problem is as follows. Let £(qg,v) be the Lagrangian for the
mechanical system. Fix the points A and B in the configuration space, and fix a time
interval T. Consider a smooth path y(#) in the configuration space with y(0) = A and

8Sir William Rowan Hamilton, 1805-1865, Astronomer Royal of Ireland
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Y(T) = B, and to such a path associate a real number, the action,

T
S = fo Lo, 7o) dt.

This integral depends on the path chosen.

Hamilton’s principle, also known as the principle of least action or more correctly,
of stationary action, states that the path taken by the mechanical system to go from A to
B in time T is precisely the one for which the action is stationary (that is, it is a critical
point of the action, although not usually a minimum). This means that, if we write

ya(t) ==y (@) +An(1)

with n(0) = n(T) = 0, which for A small is a nearby path satisfying the same conditions
Y1(0) = Aand y,(T) = B, then we require

d
TS0, =0,

and we require this for every possible perturbation 7(¢).

(THEOREM 2.28 (Hamilton). Hamilton’s principle is equivalent to Lagrange’s equa-]
tions.

PrOOF: The action of the path y;, is:

T
S(ya) =f0 Ly @)+ An(@),y(0) +An()dt.

Differentiating with respect to A at A = 0 gives

d roL oL
—S = —n(t)+—n(t)| dzt.
Integrating the second term by parts gives

oL oL

—p)dt=|=—nv) T—fTi(%) (ndt
ov TS Gy MY T Ly di v ) TP

Since n(0) = n(T) = 0 the first term on the right hand side vanishes, so that

g ‘fT oL d(ac)
ar” V=0 ov

dq drt
The terms 0L/0q and 0.L/0v are of course evaluated at (y(¢),y(t)). Note that the term
in square brackets is just the left hand side of Lagrange’s equations.

0

n(ndt.

It is therefore clear that if y(¢) is a path that satisfies Lagrange’s equations, then
for anyn, dS(y,)/dA =0.

Conversely, if
d
d_AS(YA)h:O =0

for all perturbations, so for all 7, then () satisfies Lagrange’s equation. This is be-
cause:
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LEMMA 2.29. Ifa continuous function f : [0, T] — R satisfies

T
fo fOn®der=0
for all smooth functionsn satisfyingn(0) =n(T) = 0 then f = 0.

This is not hard to prove. For details see any book on the calculus of variations. (J

LAGRANGE’S EQUATIONS AND NEWTON’S LAWS ~An easy consequence of Hamilton’s prin-
cipleis theimportant Theorem 2.13. Indeed, since the action associated to a parametrized
path does not depend on which particular coordinate system is being used (it depends
only on what units of time one uses, since the integral is over time), it follows that Hamil-
ton’s principle does not depend on the choice of coordinate system. Consequently, La-
grange’s equations are invariant. And we have already shown that these equations coin-
cide with Newton’s equations in Cartesian (Euclidean) coordinates.

There is another important principle in mechanics, called Maupertuis principle, which
is closely related to, and predates, Hamilton’s principle and can be found in many books.

REMARK 2.30. The argument we have been using assumes that the Lagrangian is inde-
pendent of time. If not, then one needs to specify not only the length T of the time
interval, but also the precise interval over which the motion takes place: [fy, £;] and then
the action is defined in the same manner:

I
S(y) = Ly),y(®),dt. o

h

PROBLEMS

2.1 Let V(x,y) = —3xy be the potential energy function governing the motion of a
particle of mass m moving in the plane. Determine the Lagrangian for this system
and deduce the equations of motion. (You are not expected to try to solve them.)

2.2 Show that the equations of motion in Equations (2.5) (Cartesian) and (2.7) (polar)
are equivalent.
[Hint: Differentiate x = r cos@ and y = rsinf twice each. The first time should give you
% = Fcosf — rfsin6, and something similar for y. Then % = 7 cos@ — 270sin6 — rf sin —
r0? cosf and something similar for j. By considering Xcos8 + jisinf and Xsin6 — j cos6
eliminate x and y from the equations (2.5).]

2.3 (i) Let V(x,y) = 1(x? + y*)? be the potential energy function governing the motion
of a particle of mass m moving in the plane. Determine the Lagrangian for this
system and deduce the equations of motion.

(ii) Let V(r,0) = %r“ be the potential energy function governing the motion of a
particle of mass m moving in the plane. Using polar coordinates as generalized
coordinates, determine the Lagrangian for this system, and deduce the equations
of motion. [Partial answer: One of the equations is mi = mré? -3
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2.4

2.5

2.6

2.7

2.8

2.9

Consider a system of two identical interacting particles of mass m with potential
V(r), where r is the inter-particle distance. Let rg be the position vector of the
centre of mass, and let r = r; —r» be the position vector of particle 1 relative to
particle 2. Find the Lagrangian using as generalized coordinates rg and r.

[Hint: first write r; and r, in terms of rg and r.]

Consider the system consisting of two identical masses of mass m that can move
horizontally, joined with three identical springs with spring constant k as shown
below. Denote by x, y the horizontal displacements of the two masses.

— —
:| k k k |:
Write down the Lagrangian for this system and deduce its equations of motion.

[We will solve these equations in the next chapter.] [Partial answer: for the y coor-
dinate, mj = kx—2ky.]

Determine the Lagrangian and deduce the equations of motion for the following
system:
A particle of mass m moves on a smooth
table, and is attached to a light inexten-
sible string of length ¢ passing through a -
smooth hole in the table, the other end of > ”/
which is attached to a weight of mass M. f
5o

[Suggestion: for generalized coordinates,

use the polar coordinates of the position

of the particle on the table, with centre at

the hole: why is this enough?]

Find the relation between the height of M and the angular velocity of m required
in order to maintain a motion in which M is stationary, and m rotates uniformly.
(Such a motion is often called a relative equilibrium.) [Partial answer: the relation
asked for at the end is w?> = Mg/ m(¢ - z), where z is the distance of M below the
table]

Find the Lagrangian for the Atwood machine from Ex. 1.7 and deduce the equa-
tions of motion. Do this both for a light pulley, and for a uniform pulley with
moment of inertia Ij.

A spring pendulum is a pendulum where the rod is no longer inextensible, but is
modelled as a light spring. Determine the Lagrangian of such a system (you will
need to give symbols to represent the physical quantities involved), and derive its
equations of motion.

Let L(q,v) with g = (q1,...,qn), be the Lagrangian for a given system. Define the
energy function E by
oL
E(q,v) =) vi— - L(q,V).
i 51/,'

Show using Lagrange’s equation, that the energy function is a conserved quantity.
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2.10

2.11

2.12

2.13

2.14

Identify a cyclic variable in problem 2.6 and apply Noether’s theorem to the system
to find the corresponding conserved quantity. Now apply the procedure of Routh
reduction to deduce a 1-degree of freedom problem for the non-cyclic variable.
Find the amended potential and the value of r giving a relative equilibrium with
momentum . Determine whether it is stable or unstable.

Non-uniqueness of the Lagrangian: let £ = aL + b with a, b constants and a # 0.
Show that Lagrange’s equations arising from £ and from £’ are identical.

(i) Show that the Lagrangian for a charged particle in an electromagnetic field
given in (2.16) gives the same equations of motion as Newton’s law with the Lorentz
force F = q(E + v x B). [This is a lengthy exercise in vector calculus.]

(ii) Show that for the same Lagrangian, the energy E as defined in problem 2.9 is
independent of the magnetic field.

Consider a charged particle moving in the uniform magnetic field B = e (the unit
vector in the z-direction), with no electric field. Show that A = (0, x,0)7 is a vector
potential for B and find the Lagrangian for the particle. Write down the general-
ized momenta for each of the coordinates. Use Noether’s theorem to show that
the z-component of the usual” momentum is conserved.

Consider the following compound Atwood machine. A smooth light pulley is at-
tached to a fixed support, and a light inextensible string is passed over it. To one
end of the string is attached a weight of mass m; = 8kg and to the other a smooth
light pulley. Over this second pulley is passed another light inextensible string
with a weight attached at each end, of masses m, = 2kg and ms = 3 kg respec-
tively. The masses are subject to gravity. How many degrees of freedom does the
system have? Find the Lagrangian of the system, and hence the accelerations of
the three masses. Deduce that if they start from rest, then one of the masses does
not move.

[Hint: Let x,y, z be vertical displacements of the three weights respectively. Show that
2x+ y+ z is constant.]

9

as against generalized momentum
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